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We describe a computer program that performs the Metropolis algorithm for 
the 3D Ising model at a peak speed of 98 million spin updates per second on a 
2-pipe CDC Cyber 205. This speed is achieved using the special vector 
capabilities of the Cyber 205 and multispin coding techniques. 
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I N T R O D U C T I O N  

This paper describes a new way to implement the Metropolis et al. (1~ 
algorithm for Monte Carlo simulations of statistical systems with a few 
discrete degrees of freedom per variable. We describe this algorithm as 
implemented on a CYBER 205 and for the 3D Ising model. However, as 
should become obvious, our method can also be used on other computers 
and for other systems. 

Each spin update in the Metropolis algorithm involves comparing the 
exponential of the change in the action with a random number. Since 
generating a random number takes about 20 ns on the Cyber 205, the best 
that a normal implementation of the algorithm can achieve is 50 million 
updates per second. We describe a method that avoids the bottleneck of 
making a floating point comparison with a random number. (Another 
method to avoid this bottleneck was proposed in Ref. 2.) Our method, in 
brief, works as follows: 
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1. In our simulation, we use a variation of the multispin coding method (3) 
in which a single word contains one spin from n different systems. In 
our case, n is the word length which for the CYBER 205, n = 64. Hence 
we are simultaneously working on 64 different lattices. 

2. We code the necessary information about each random number into 
two bits. 

3. Each bit pair is used exactly once for each of the 64 lattices. 

4. We use only logical commands for the update. Thus, 64 spins are 
updated together. 

This method gives an algorithm speed of 98 megaflips in a 2-pipe 
Cyber 205. The fastest implementation for the 3D Ising model we are 
aware of does 218 megaflips on a DAP computer. However, this implemen- 
tation is for the special case of a 128 x 128 x 144 lattice/a) 

Because of inherent Cyber 205 limitations on vector length, our 
current algorithm can only run on lattices of size up to 503 . To modify the 
code for larger lattices is easy. It involves slicing the lattice up into two 
dimensional planes and making the vector length equal half the number of 
spins in a plane. The algorithm currently achieves a speed of over 90 
million spin updates per second for lattices of size greater than 143 on a 2- 
pipe Cyber 205. Our peak speed of 98 megaflips is achieved on a 203 lattice. 
We have used this program recently to reanalyze finite-size scaling for the 
3D Ising model and compute the critical exponent y to a few parts in a 
thousand. (5) 

THE ALGORITHM 

The Ising model is defined as a collection of spins on the sites of the 
lattice. The action (energy) of the system is given by 

S({s}) = -~sisi+~ ( s=  _+1) ( la)  
i,~ 

The spins si can have two possible values, +_1. The aim is to generate con- 
figurations of spins with joint probability distribution 

Z =  ~ e ~S({s}) ( lb)  
{s} 

It is more convenient to store one spin per bit by using, in place of the 
variables s, the variables ~r= ( l - s ) / 2 ,  which take values 0 or 1. As a 
function of these variables, the action is 

S({o'}) = - - E  (1 --2xi,~) (Xi,~=O , 1) (2a) 
i,/~ 
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with 
xi,r ai+r (o '=  0, 1) (2b) 

The change in the act ion on flipping the spin at site i is 

AS= S~nal- Si,itial = 12 - - 4  ~ Xi,~ (3) 
_+~ 

where the sum goes over  all ne ighbors  of si. The  Metropol i s  a lgor i thm con- 
sists of  the following 

1. If AS is nonposi t ive  the spin flip should be accepted. 

2. Otherwise,  it should be accepted with probabi l i ty  e -~as. 

We implement  this by logical c o m m a n d s  as follows: 
Define three bit variables B3V, B2V, B1V initialized to 0, 0, 1, respec- 

tively. Add the six values of  xi, u to the bits B3V, B2V, B1V, thinking of 
them as the third, second, and first bits of an integer. No te  that  this can be 
done  with logical instruct ions since each xi, . is either 0 or 1. The  seven final 
values of  the set B3V, B2V, B1V are shown in Table  I. Not ice  that  when 
the spin flip is to be accepted B 3 V =  1. Using B3V as the acceptance 
criterion implements  the first par t  of the Metropol is  a lgori thm. If  B3 V is 
still zero after the addit ions,  then we are dealing with the cases where 
Zi,~ xi,r is 0, 1, or 2 and in this case, the spin should flip with probabi l i ty  
e -~s .  To do this, we define two addi t ional  bits D2V, D1V, called demons 
(demon variables similar to ours  were first used by Creutz  in the context  of 
the microcanonica l  ensemble.  (6)) which take the values (0, 1), (1, 0), and 
(1, 1) with probabil i t ies  Pol, Plo, and  PH given by 

po~=e 4r 

Pl0 = e s~_  e-12~ (4) 

Pl~ = e  12fl 

Table I. Logical Implementat ion of the Metropol is  Algor i thm 

AS Z+_~ xi,~ B3 B2 B1 

0 0 0 
12 0 0 0 1 
8 1 0 1 0 
4 2 0 1 1 
0 3 l 0 0 

- 4  4 1 0 1 
- 4  5 1 1 0 

-12 6 1 1 1 
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The integer formed with D1V and D2V as the first and second bit is now 
added to the integer formed by B3V, B2V, and B1V. Once again, if B3V is 
unity, the flip is accepted. Notice that this will happen with probability 
e -4/~, e -8/~, and e 12r when AS is 4, 8, or 12, respectively. This implements 
the second part of the Metropolis algorithm. 

Now we discuss the implementation of this algorithm on the Cyber 
205. (The code is shown in Fig. 2.) As mentioned earlier, our program 
updates 64 different lattices simultaneously. Spins occupying the same 
coordinates on each of the 64 lattices are stored in the same word. The 
spins are labeled even/odd in a checkerboard pattern and updated in two 
steps: first all even spins are updated and then all the odd ones. The vector 
length of the pipelined arrays is half the total number of spins on a lattice. 
The variables B1 V, B2V, and B3 V, as well as the demons D1 V and D2V, 
are also arrays of the same length. Clearly, the algorithm can be pipelined 
in the Cyber 205 if one can arrange the arrays D1V and D2V such that 
their entries (in pairs), take on the values (0, 1), (1, 0), and (1, 1) with 
probabilities given by eq. 4. 

The crucial part of the algorithm is to get such a distribution of demon 
bits. This is done in subroutine DEMETRO.  First, 64 vectors of random 
numbers are generated one after the other using a shift register random 
number generator. (7) Each of these vectors is used to define one string of 
demon pairs (D1 V, D2V) distributed according to eq. 4. The final vectors 
for D1 V and D2V are obtained by merging together, in the 64-bit positions 
of the words, the 64 strings thus obtained. After each half sweep (update of 
the odd or even sites of all the 64 lattices), the demon pairs (D1V, D2V) 
are subjected to a random GATHERand  a random shift. The random shifts 
are arranged so that each string of demons is used in each of the lattices 
exactly once but in a different order for each lattice. After 64 half sweeps, 
the demons are reinitialized. This means that we use one random number 
once for each of the 64 lattices. 

In any Metropolis run, one uses a finite sequence of random numbers 
to compare to e -~3s. In such a finite run, the set of random numbers used 
is not uniformly distributed in the interval (0, 1 ) and this means that the/3 
value is not the desired one but rather, some other value /3e,- For  our 
simulation, these effective values of/3 are given by 

n l / n  ~ e--4~eff, I 

na/n=e 8~o~,2 (5) 

t '13/n  ~ e 12/~eff.3 

where n is the total number of random numbers used and n~, n2, and n 3 are 
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the number of times these random numbers are smaller than e -4p, e -8~, 
and e -12~, respectively. 

This expected shift in/~ can be easily understood theoretically. Given n 
random numbers in the interval (0, 1), the probability for ni of them being 
in an interval of length Pk = e-4k~ is given by the binomial distribution 

(:) Pk(ni) = Pk( 1 - P k )  . . . . .  (6) 

If we define x = ni/n, then this probability distribution has mean 2 = Pk and 

standard deviation ~ r k = ~ p k ( 1 - - p k ) / n .  Note that the error in /? is 

statistical and proportional to 1 / , ,~  and disappears in the limit of an 
infinite simulation. It is easy to correct for this shift in ~. This is done by 
correcting each order parameter O according to 

c30 ~e~ O(fl  ) = O(fle~) + ~-fi (fl -/~eff) (7) 

The reason we need to worry about this error (which is actually 
present even in standard Metropolis updating but is less relevant there) is 
the following: In our simulation, each of the 64 lattices uses the same set of 
random numbers. Therefore, each of the lattices has the same /~eff on 
average and the effects of the shift in fl add coherently. In a standard 
Metropolis run on 64 lattices using different random number streams on 
each, the effective length of the random number stream is 64 times our 
length. The shift in/~ then is smaller by a factor of 8. 

We obtained one single value of the effective /~ using the average 
demon action E d . . . .  via the formula 

4e -4~,1  + 8e -8~~ + 12e-12~e~,3 

l + e 4r + e a~o,,2 + e-12Befr,3 = (Ea  . . . .  ) 

4e-4~~ + 8e-4~~ + 12z-12~ 

- 1 + e - 4 & ~ + e - * ~ ~  12/~ (8) 

We have tested these ideas on the two-dimensional Ising model where 
exact answers are known. This is shown in Fig. 1. The 40 points in the 
graphs correspond to different runs, each of them coming from 20,000 
sweeps in a set of 64 lattices of size 202 at/3 = 0.44 and averaging over the 
last 10,000 sweeps. In Fig. 1 we show average values of ( S  2) before and 
after the correction. The errors were obtained by using the 64 average 
values from the 64 independent lattices. The uncorrected data values 
(Fig. la), as expected, are scattered around a shifted /~ with a Gaussian 
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Fig. 1. 40 data points for ( S  2 )  o n  202 lattices at fl = .44. Each point corresponds to averag- 
ing for 10,000 sweeps on the set of 64 lattices after thermalizing for 10,000 sweeps. The error 
bars were obtained from fluctuations between the 64 data sets from the different lattices. (a) 
Shows the data without correction; (b) Shows the data after correcting for the shift in fl and 
using eq. 10. (c) Shows the data  corresponding to the same experiment but  using a different 
random number  stream for all 64 lattices. (a conventional, but slower, s tandard Metropolis 
simulation). The vertical line that  crosses the graphs corresponds to the exact value. Note that 
the error bars are all of almost  the same size. 
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3-d i s i n g  model progrom 

this program performs the metropolis a~gorithm on cubic lattices 
of size up to 50t3 , it uses periodic boundary conditions. 
the l a t t i c e  s ize  must be even. 

program i s l n g  ( i npu t  , ou tpu t  , tape6 , tape7 ) 

d e f i n e  parameters 
I l a t t i c e  s ize  (must a lso  be d e f . i n  sub. metro)  
i n i t  = i n l t i a l ~ z c t i o n  parameter ( e :o rde red  s t a r t ,  

1 : d i s o r d e r e d  s t a r t , 6 : r e a d s  l a t t i c e  from tape6) 
i s t o r  = ( 1 , 0 ) : ( d o e s , d o e s  no t )  w r i t e  l as t  con f .  to  tope7 
iseed = seed for  the r . n . g .  (if =0 ~ >  d e f a u l t  seed. )  
nb = ~ of beta (= 1/Temperature)  va lues  processed 
beta = i n i t i a l  beta 
d ibe = succesive decrements in beta.  
nsba = ~ of sweeps to t h e r m a l i z e  
nsw = ~ of sweeps d u r i n g  averag ing  
nov = number of sweeps between measurements. 
np,nq = p r im.  t r i n o m i a l  f o r  the s h i f t  r e g i s t e r  random 
number genera to r  (must a l so  be de f i ned  in the sub. met ro)  

nh > n p  > nq ) 
( I  = 20 
, i n i t  = 1 
, i s t o r =  0 
, i seed= 7893789324783 
,rib = 
,beta !22165 
,d ibe  = .0 
,nsba = 25e00 
,nsw = 280ee 
,nov = l ee  
,np = 2281 

+ ,nq = 715 
+ , n s = l * * 3 ,  Im==l-1 , nh=ns/2 , nhp=nh+l n t=nh+np)  

c VARIABLES IN THE PROGRAM 
c b x , b y , b z :  I ndex ing  vec to rs  to implement the p e r i o d i c  boundary c o n d i t i o n s  
c xrand:  vec to r  fo r  the s h i f t  r e g i s t e r  random number genera to r  
c x v , x v l , x v 2 , d n l v , d n 2 v :  h e l p  vec to rs  ( t o  s to re  i n t e r m e d i a t e  r e s u l t s )  
c sp in :  vec to r  of i s i n g  sp in  v a r i a b l e s  fo r  the 64 l a t t i c e s .  
c b l v , b 2 v , b 3 v :  vec tors  used in the u p d a t i n g  
c d l v , d 2 v :  demon vec to rs  
c n r , n r p , n u m , n r l , n r 2 :  vec to rs  used in demon p e r m u t a t i o n s .  
c ran: v e c t o r  f o r  c o n g r u e n t i o l  random number genera to r .  
c t f , t i , t m , t o , t i m e t , t 6 4 , t t :  sca la rs  fo r  t i m i n g .  
c i 64 ,n64 :  vec to rs  used to  permute demons d l v , d 2 v .  
c a m , s , r , o b e , n t b :  v a r i a b l e s  used in measurements. 
c c v , c v l , c v 2 :  b i t  vec to rs  used to update the demons 

i n t e g e r  b x , b y , b z , x r a n d , x v , x l v , x 2 v , s p i n , b l v , b 2 v , b 3 v  
c , d l v , d 2 v , d n t v , d n 2 v  
c ,dx,dy,dz,x,xl,x2,dxra,dspl,dsp2,bl,b2,b3,dt,d2 
c , d n l , d n 2 , d n r , d n r p , d n r l , d n r 2  

d e s c r i p t o r  d x , d y , d z , x , x l , x 2 , d x r o , d s p l , d s p 2 , b l , b 2 , b 3 , d l , d 2  
c , d n l , d n 2 , d n r , d n r p , d n r l , d n r 2 , 1 a , i b ,  i c , i s d  

b i t  c v , c v l , c v 2  

common/blk/ spin(ns),bx(nh),by(nh),bz(nh),xv(nh),xlv(nh),x2v(nh) 
c , b l v ( n h ) , b 2 v ( n h ) , b 3 v ( n h ) , d l v ( n h ) , d 2 v ( n h ) , d n l v ( n h ) , d n 2 v ( n h )  
c , n r p ( n h ) , n u m ( n h ) , n r 2 ( n h ) , n r l ( n h ) , n r ( n h ) , r a n ( n h ) , t f , t i , t m . t a  
c , t i m e t , t 6 4 , i 6 4 ( 6 4 ) , n 6 4 ( 6 4 ) , a m ( 6 4 ) , s ( 6 4 ) , r ( 1 6 , 6 4 ) , a b e ( 3 )  
c , n t b , x r a n d ( n t ) , c v ( 2 * n h ) , c v l ( 2 * n h ) , c v 2 ( 2 * n h )  

data tf,tl,tm,ta,timet,tt,t64,(abe(1),i=l,3),ntb / l e , . o , e /  

c ASSIGN DESCRIPTORS TO ARRAYS: 

data d s p l , d s p 2  / s p i n ( 1 ; n h ) , s p i n ( n h p ; n h )  / 
data d x , d y , d z  / b x ( 1 ; n h ) , b y ( 1 ; n h ) , b z ( 1 ; n h )  / 
data  b l , b 2 , b 3  / b l v ( 1 ; n h ) , b 2 v ( 1 ; n h ) , b 3 v ( 1 ; n h )  / 
data d l , d 2  / d l v ( 1 ; n h ) , d 2 v ( 1 ; n h )  / 
data  d n r , d n r p , d n r l , d n r 2  / n r ( 1 ; n h ) , n r p ( 1 ; n h ) , n r l ( 1 ; n h ) , n r 2 ( 1 ; n h ) /  
data d n l , d n 2 , x , x l , x 2  / d n l v ( t ; n h ) , d n 2 v ( 1 ; n h ) , x v ( 1 ; n h ) , x l v ( t ; n h )  

+ , x2v (1 ;nh )  / 

Fig. 2. Listing of the code. 
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ass ign  ia  , x rand(  1 nh ) 
ass ign  ib , x rand(  nq+l nh ) 
ass ign  i c  , x rand(  nh+l n p )  
ass ign  isd , x rand(  1 n p )  
ass ign  dx ra  , x rand(  np+l nh ) 

t t l = s e c o n d ( )  

do 74 i = l , n h  
74 num(1)=i  

c i n i t i a l i z a t i o n  o f :  rando~ number seeds, the l a t t i c e ,  and the i ndex ing  
c v e c t o r s  

i f ( i s e e d . n e . e ) c o l l  r a n s e t ( i s e e d )  
c a l l  r a n i n l t ( x r a n d , n p )  
c a l l  i n i t l o t ( i n l t , b e t o o , n s o , d s p l , d s p 2 , r a n , x l , s p i n , n h , n s , I )  
c a l l  i n d e x ( b x , b y , b ~ , l )  

c begin s i m u l a t i o n  

do 1234 i i b  = 1,nb 

b = beta  - d i b e * i i b  
i f  ( b. i t . e .  ) b=-b 

c a l l  me t ro (  nsbo , e . b , d s p l , d s p 2 , d x , d y , d z , x , x l , x 2 , b l , b 2 , b 3  
+ , d l , d 2 , d n l , d n 2 , d n r p , d n r l , d n r 2 , d n r , d x r o ,  i a , i b , i c , i s d )  

c a l l  me t ro (  nsw , nov , b , d s p l , d s p 2 , d x , d y , d z , x . x l , x 2 , b l , b 2 , b 3  
+ , d l . d 2 , d n l . d n 2 , d n r p , d n r l , d n r 2 , d n r , d x r o , l o , l b , i c , i s d )  

c w r i t e  the data  to  the ou tpu t  f i l e  

i f ( n s w . n e . O ) c o l l  d o t o ( b , n s w , n s b a , n a v , i n i t , b e t o o , n s a , i i b , n t b  
+ , a b e , n s , r )  

1234 c o n t i n u e  

c s i m u l a t i o n  ends. S to res  the las t  l a t t i c e  

i f ( i s t o r . e q . 1 ) t h e n  
nsn=nsbo+nsw 
i f ( d l b e . e q . . 6 ) t h e n  
nsn-nb*nsn 
i f ( b e t o o . e q . b e t o ) n s n = n s o + n s n  
e n d i f  
w r i t e ( 7 , * ) l , b e t a , n s n  
do 77 i = l , n s  

77 w r i t e ( 7 , 1 7 7 )  s p i n ( i )  
177 f o r m a t ( z 1 6 )  

e n d i f  

c t i m i n g  i n f o r m a t i o n :  

t t = s e c o n d ( ) - t t l  
p r i n t * , ' t i m e  spent  in the moln pa r t s  o f  the program : 
p r i n t *  
p r i n t 5 6 5 , '  program i s i n g  = ' , t t  
p r i n t 5 6 5 , '  in updat ing  = ' , t l m e t  
p r i n t 5 6 5 , '  in measur ing = ' , t o  
p r i n t 5 6 5 , '  sub. demetro = ' , t f  
p r i n t 5 6 5 , '  sub. i n i t n r  = ' , t i  
p r i n t 5 6 5 , '  sub. i n i t 6 4  = ' , t 6 4  
p r i n t 5 6 5 , '  sub. meas = ' , t m  
p r i n t *  
p r i n t 5 6 6 , ( 6 4 e - 6 * n s * n b * ( n s b o + n s w ) ) / t i m e t  

565 f o r m a t ( l x , o 2 e , f l e . 2 , '  seconds ' )  
566 f o r ~ a t ( '  runn ing at ' , f 5 . 1 , '  m e g a f l i p s ' )  

p r i n t *  
s top  
end 

s u b r o u t i n e  i n d e x ( b x , b y , b z , I )  
i n t e g e r  b x ( * )  , b y ( * ) ,  b z ( * )  

c d e f i n e s  the index v e c t o r s  to  implement p e r i o d i c  boundary c o n d i t i o n s .  

I r a=  I ~ 1 

Fig. 2 (continued) 



A Fast  A l g o r i t h m  f o r  t h e  C y b e r  2 0 5  to  S i m u l a t e  t h e  3 D  Is ing M o d e l  9 9 3  

do 1 iz  = O,Im 
izm = mad( iz+ lm , I ) 
do 1 iy = e, lm 
iym = mad( iy+ lm , I ) 
do 1 i x  = e , lm 
ixn = mad ( i x + l  , I ) 
i f  ( m o d ( i y + i z , 2 )  .eq. 0 ) i x n  = mad( ix+ lm , ! ) 

i f ( m o d ( i x + i y + i z , 2 ) . e q . e ) t h e n  
n = (iz .1 + iy ) . ( I / 2 )  + ( ix -~od(ix .2) ) /2 + 1 
bx(n)  ( i z  *1 + iy  ) * ( I / 2 )  + ( i x n - m o d ( i x n , 2 ) ) / 2  
by(n)  ( i z  * l  + i y m ) * ( I / 2 )  + ( i x  - m a d ( i x  ,2)  ) / 2  
bz(n)  ( i z m * l  + iy  ) * ( I / 2 )  + ( i x  - m a d ( i x  ,2 )  ) / 2  
end i f  

1 con t i nue  
r e t u r n  
end 

s u b r o u t i n e  i n i t n r ( n r , t i , n r p , n u m , r o n , n h )  

c c r e a t e s  o v e c t o r  ( n r )  c o n t a i n i n g  a random pe rmu ta t i on  of 
c the i n t e g e r s  0 to  nh-1 

d imens ion n r ( * )  , n r p ( * )  ,num(*)  , r a n ( * )  

t i l = s e c o n d ( )  

c a l l  v r a n f ( r c n , n h )  
n r p ( 1 ; n h ) = n u m ( 1 ; n h ) * r a n ( 1 ; n h ) + t  
c a l l  q S v r e v v ( x ' e e ' , , n r p ( 1 ; n h )  . . . .  n r ( 1 ; n h ) )  
n r p ( 1 ; n h ) = n u m ( t ; n h ) - I  

d o l i = l , n h  
n=n r (1 )  
n r ( i )  = n rp (n )  
n v = n h - i - n + l  
n r p ( n ; n h - i - n + l ) = n r p ( n + l ; n h - i - n + l )  

1 con t i nue  

t i = t i + s e c o n d ( ) - - t i l  
r e t u rn  
end 

s u b r o u t i n e  me t ro (  new , nov . b , d s p l , d s p 2 , d x . d y . d z , x . x l . x 2 , b l  
+ . b 2 , b 3 . d l , d 2 . d n l , d n 2 . d n r p . d n r t , d n r 2 , d n r , d x r o , i a , i b ,  i c . i s d )  

c me t ro (  new , nay , b . . . .  ) does new sweeps measur ing a f t e r  each nov 
c sweeps at beta  = b. i f  nov = 0 no measurements a re  done. The o the r  
c orguments o re  pass i ve ,  They are d e s c r i p t o r s  needed by t h i s  r o u t i n e ,  

parameter  ( l=2B.ns= l * *3 ,1m==t - l ,nh~ns /2 .nhp==nh+ l )  
porometer(np=2281,nq==715,nt=nh+np) 
i n t e g e r  b x , b y , b z , x r a n d . x v , x l v , x 2 v , s p i n , b l v , b 2 v , b 3 v  

c . d l v , d 2 v , d n l v , d n 2 v  
c ,dx.dy,dz,x,xl ,x2,dxra,dspl,dsp2.bl,b2,b3,dl,d2 
c , d n l , d n 2 . d n r , d n r p , d n r l . d n r 2  

d e s c r i p t o r  dx,dy,dz,x,xl ,x2,dxro,dspl,dsp2,bl.b2,b3,dl,d2 
c , d n l , d n 2 , d n r , d n r p . d n r l , d n r 2 ,  i a , i b ,  i c , l s d  

b i t  c v , c v l . c v 2  
common/b lk /  s p l n ( n s ) , b x ( n h ) , b y ( n h ) , b z ( n h ) , x v ( n h ) , x l v ( n h ) , x 2 v ( n h )  

c , b l v ( n h ) , b 2 v ( n h ) , b 3 v ( n h ) . d l v ( n h ) , d 2 v ( n h ) , d n l v ( n h ) , d n 2 v ( n h )  
c , n r p ( n h ) , n u m ( n h ) , n r 2 ( n h ) , n r l ( n h ) , n r ( n h ) , r o n ( n h ) , t f , t i , t m , t a  
c , t l m e t , t 6 4 , i 6 4 ( 6 4 ) , n 6 4 ( 6 4 ) , a m ( 6 4 ) , s ( 6 4 ) , r ( 1 6 , 6 4 ) , o b e ( 3 ) , n t b  
c , x r o n d ( n t ) , c v ( 2 * n h ) , c v l ( 2 * n h ) . c v 2 ( 2 * n h )  

c set  coun te rs  

i f (  nav .ne .8  ) t hen  
naver  = 0 
r ( 1 , 1 ; 1 0 2 4 ) = . 0  
end i f  
is=64 
i sn r=63  

c does new sweeps 

do 99999 n i t e r  = 1,new 
t2 = second( )  

Fig. 2 (continued) 
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c c r e a t e s  v e c t o r s  o f  demons and random p e r m u t a t i o n s  

i f (  i s . e q . 6 4  l t h e n  
is=O 
c o i l  d e m e t r o ( b , n a v , d l , d 2 , 1 a , i b , i c , i s d , d x r a , x r u n d , t f , n t b  

+ , d l v , d 2 v , o b e , n h , n p V l , c v , c v l , c v 2 )  
t 6 4 1 = s e c o n d ( )  
c a l l  i n l t 6 4 (  i64  , n64 ) 
t 6 4 = t 6 4 + s e c o n d ( ) - t 6 4 1  
x v ( 1 ) = n r 2 ( n h )  
x v ( 2 ; n h - 1 ) = n r 2 ( 1 ; n h - - 1 )  
d n r 2 r  
c o i l  q8 v t o v x  ( x '  00 ' , ,  d n r 2  , ,  d n r l  , ,  x 
d n r l = x  
i s n r = i s n r + l  
i f ( i s n r . e q . 6 4 ) t h e n  
c o i l  i n i t n r (  n r  , t i . n r p . n u m , r a n , n h )  
c o i l  i n i t n r ( n r t , t i , n r p , n u m , r c n . n h )  
c a l l  i n i t n r ( n r 2 , t i , n r p , n u m , r o n , n h )  
i s n r = 0  
e n d l f  
e n d i f  

c u p d a t e s  even  s i t e s  
c adds  t h e  s i x  p r o d u c t s  x t o  [ b 3 . b 2 , b l ]  = [ e . e . 1 ]  

c o i l  q8  x o r  v ( x '  00  ' , ,  d s p l  , .  dsp2 =, x 
c a l l  q8 v x t o v  ( x "  ee ' , ,  dy , ,  dsp2 , ,  x l  
c o i l  q8 x o r  v ( x '  00 ' , ,  x l  , ,  d s p l  , ,  x l  
c o i l  q8  and  v ( x '  01 ' , ,  x l  , ,  x , ,  b2 
c a l l  q8  x o r  v ( x '  00 ' , ,  x l  , ,  x , ,  b l  
c a l l  q8 v x t o v  ( x '  eO ' , ,  dz , ,  dsp2 , ,  x 
c a l l  q8 x o r  v ( x '  00 ' , ,  x , ,  d s p l  , ,  x 
c a l l  q8 v t o v x  ( x '  00 ' , ,  dx , ,  dsp2 , ,  x l  
c a l l  q8 x o r  v ( x '  00 ' , ,  x l  , ,  d s p l  , ,  x l  
c o i l  q8  and v ( x '  01 ' , ,  x l  , ,  x , ,  dn2  
c a l l  q8  x o r  v ( x '  00 ' , ,  x l  , ,  x , ,  d n l  
c a l l  q8  and  v ( x '  e l  ' , ,  dn2  , ,  b2 , ,  b3 
c a l l  q8 and  v ( x '  01 ' , ,  d n l  , ,  b l  , ,  x 
c o i l  q8 x o r  v ( x '  08 ' . ,  dn2  , ,  b2 , ,  b2 
c o i l  q8  x o r  v ( x '  00  ' , ,  x , ,  b2 , ,  b2 
c o i l  q8 x o r  v ( x '  00 ' , ,  d n l  , ,  b l  , ,  b l  
c o i l  q8 v t o v x  ( x '  ee ' , ,  dy  , ,  dsp2 , ,  x 
c a l l  q8  x o r  v ( x '  ee  ' , .  x , ,  d s p l  , ,  x 
c o i l  q8  v t o v x  ( x '  00 " , ,  dz , ,  dsp2  , ,  x l  
c a l l  q8 x o r  v ( x '  00 ' , ,  x l  , ,  d s p l  , ,  x l  
c a l l  q8 o r  v ( x '  02 ' . ,  x l  , ,  x , ,  dn2  
c a l l  q8 x o r n  v ( x '  07  ' , ,  x l  , ,  x , ,  d n l  
c o l ~  q8 and v ( x '  01 ' , ,  dn2  , ,  b2 , ,  x l  
c a l l  q8  x o r  v ( x '  00 ' , ,  x l  , ,  b3 , ,  b3 
c a l l  q8 x o r  v ( x '  00 ' , ,  dn2  , ,  b2 , ,  b2 
c a l l  q8 and  v ( x '  01 ' , ,  d n l  , ,  b l  , ,  x l  
c o i l  q8  and  v ( x "  01 ' , ,  x l  , .  b2 , ,  x2  
c a l l  q8 x o r  v ( x "  00 ' , ,  x2  , ,  b3 , ,  b3 
c a l l  q8 x o r  v ( x '  ee ' , .  x l  . ,  b2 , ,  b2 
c o l t  q8 x o r  v ( x '  00 " , ,  d n l  , ,  b l  , ,  b l  

c keeps  t h i r d  demon ( now b3=1 i f  i n c ( s )  < 0 ) 
c g e t s  o new s e t  of  demons 

c a l l  q8 v t o v x  ( x '  00 , ,  d n r l  , ,  d n r  , ,  d n r p  ) 
i s  = i s  + 1 
i s h i - i 6 4 ( i s )  
c o i l  q8 v t o v x  ( x '  00  , ,  d n r p  , ,  d l  , ,  d n l  ) 
c o i l  q8 s h i f t v ( x '  08 , ,  d n l  , ,  i s h i  , ,  d l  ) 
c a l l  q8 v t o v x  ( x '  ee , ,  d n r p  , ,  d2 , ,  dn2  ) 
c a l l  q8 s h i f t v ( x '  e8 , ,  dn2  , ,  i s h i  , ,  d2 ) 

c now c h e c k s  w h a t  h a p p e n s  when i n c ( s )  > 0 ( t h a t  i s  when  b3==0 ) 
c odds demons [ d 2 , d l ]  t o  [ x = O , b 2 , b l ]  

c o i l  q8 and  v ( x '  01 ' , ,  d2 , ,  b2 , ,  x ) 
c o i l  q8  x o r  v ( x '  oe ' , ,  d2 , ,  b2 , ,  b2 
c o i l  q8 and  v ( x '  01 ' , ,  d l  , ,  b l  , ,  x l  
c o i l  q8 and  v ( x "  01 ' , ,  x l  , ,  b2 , ,  x2 
c a l l  q8 x o r  v ( x '  eO " , ,  x2  , ,  x , ,  x ) 

c i f  now x = 1 a l s o  f l i p s  

Fig. 2 (continued) 
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r ( 6 , i )  = r( 6, i) + s2 
r ( 7 , i )  r~ 7, i) + s4 
r ( 8 , i )  = r~ 8 , i )  + rm*ss 
r (9 , i )  r (9 , i )  + rm2*se 
r(10, i) r ( l e . i )  + rm4*se 
r (11 . i )  r (11 . i )  + se*s2 

771 r (12 , i )  r(12,1) + se*s4 

to=ta+second()-tc3 

99999 continue 

i f (  nav.gt.nsw .or. nav.eq.8 )return 
r (1 ,1 ; le24)  = r (1,1; le24) /naver 
return 
end 

subroutine demet ro (b ,nav ,d l ,d2 , ia , ib , i c , i sd ,dx ro ,x rand , t f ,n tb  
+ ,dlv,d2v,abe,nh,np~,cv,cvl ,cv2) 

c mete the demons with the r ight p robab i l i t ies  

integer x rond( * ) ,d l v ( * ) ,d2v ( * ) ,dx ro ,d l ,d2  
descriptor d x r o , d l , d 2 , i a , i b , i c , i s d  
b i t  c v ( * ) , c v l ( * ) , c v2 ( * )  
dimension obe(3),be(3) 
hal f  precision mo(2),el ,e2,e3 
equivolence(m0r,ma(1)) 

t f l=second() 
nh2=2*nh 
dl = 
d2 = 
be(1;3)=e. 
r r r= l . /nh2  

c gets normalized boitzmon factors 

el = 2.**23 *exp( -4 . *b  ) 
e2 2.**23 *exp( -8 . *b  
e3 2.* .23 *exp( -12.*b 

c loops over the 32 bi te of the halfwords (uses half  precision) 

do 1 i-e,31 
mor=sh i f t (1 , i )  

c gets rando~ numbers using a ehi f  register random number generator 

cal l  q8 xor v(x 'ee '  ,, i o . ,  i b . ,  dxro ) 
ca l l  q8 vto v(x 'ee '  ,, ic . . . .  led ) 

c sets the demons and ~eossures the e f fec t i ve  beta 

coi l  qScmplt(x'88',,xrond(npm;nh2).,e2 ,cv(1;nh2)) 
cal l  qScmplt(x '88'. ,xrond(npm;nh2)..el  ,cv l (1;nh2))  
coi l  q8cmplt(x '88' . ,xrond(np~;nh2), .e3 ,cv2(1;nh2)) 

i f (nov.ne.e) then 
be~l)=be(l~+qSecnt(cvl(1;nh2))*rrr  
be(2)=be(2)+qSecnt(cv(1;nh2))*rrr 
be(3)=be(3)+qSscnt(cv2(1;nh2))*rrr 
endif 

coi l  q8xor v(x '88 ' . ,d2v(1;nh2)  , ,mo(2),cv(1;nh2),d2v(1;nh2)) 
cal l  q8ondn(x 'ee ' , ,cv l (1 ;nh2) , ,cv2(1 ;nh2) , .cv l (1 ;nh2) )  
cal l  qSxor (x 'ee ' . . cv l (1 ;nh2) , , cv ( t ;nh2) , , cv (1 ;nh2) )  
ca l l  q8xor v (x '88 ' , , d l v (1 ;nh2)  ,,mo{2),cv(1;nh2).dlv{1;nh2)) 

1 continue 

i f (nov.ne.e) then 
abe(1;3)~obe(1;3)+be(1;3)/32. 
ntb==ntb+l 
endif 
t f= t f+second( ) - t f l  
return 
end 

Fig. 2 (continued) 
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s u b r o u t i n e  m e o s ( d s p l , d s p 2 , d x , d y , d z , x , x l , x 2 , a m , s , n h , t m )  

c measures t h e  m a g n e t i z a t i o n  and t h e  a c t i o n  f o r  t he  64 l a t t i c e s .  

i n t e g e r  d x , d y , d z , x , x l , x 2 , d s p l , d s p 2  
d e s c r i p t o r  d x , d y , d z , x , x l , x 2 , d s p l , d s p 2  
d i m e n s i o n  o m ( * ) , s ( * )  

t m l = s e c o n d ( )  

do 2 i = 1 ,64  
mo = s h i f t (  1 , i - 1  ) 
Is  = mad( 65--i , 64 ) 

c measures  t h e  m a g n e t i z a t i o n  

c o i l  q8 and v l x '  09 ' , ,  d s p l  , ,  ma , ,  x l  
c o i l  q8 s h i f t v ~ x '  e8 ' , ,  x l  , ,  Is  , ,  x l  
am(i) = qSssum( xl ) 
c o i l  q8 and v ( x '  e9 " , ,  dsp2 , ,  ma , ,  x2 
c o i l  q8 s h i f t v ( x '  e8 ' . ,  x2 , ,  Is  , ,  x2 
a m ( i )  = a ~ ( i )  + qSssum( x2 ) 

c measures  t h e  a c t i o n  

c o i l  q8 x o r  v ( x '  00 ' , ,  x l  , ,  x2 , ,  x 
s ( i )  = q8ssum( x ) 
c o i l  q8 v x t o v  ( x '  ee ' , ,  dy , ,  x2 , ,  x 
c a l l  q8 xo r  v ( x '  ee ' , ,  x , ,  x l  , ,  x 
s ( i )  = s ( i )  + qSssum( x ) 
c a l l  q8 v x t o v  ( x '  ee ' , ,  dz , ,  x2 , ,  x 
c a l l  q8 x o r  v ( x '  ee ' , ,  x , ,  x l  , ,  x 
s(1) = s(i) + q8ssum( x ) 

v t o v x  ( x "  ' , ,  , ,  c o i l  q8 00 dx x2 , ,  x 
c a l l  q8 xo r  v ( x '  00 ' , ,  x , ,  x l  , ,  x 
s (1 )  - s ( i )  + q8ssum( • ) 
c a l l  q8 v t o v x  ~x '  Oe ' , ,  dy , ,  x2 , ,  x 
c a l l  q8 x o r  v ( x '  ee ' , ,  x , ,  x l  , ,  x 
s ( i )  = s ( 1 )  + qSssum( x ) 
c a l l  q8 v t o v x  ( x '  Oe ' , ,  dz , ,  x2 , ,  x 
c a l l  q8 xo r  v ( x '  gO ' , ,  x , ,  x l  , ,  x 
e ( i )  = s ( i )  + qSssum( x ) 

2 c o n t i n u e  

a m ( 1 ; 6 4 )  = 1 .  - a m ( 1 ; 6 4 ) / n h  
s ( 1 ; 6 4 )  1 s ( 1 ; 6 4 )  / ( 3 . * n h )  
t m , = t m + s e c o n d ( ) - t m l  
r e t u r n  
end 

s u b r o u t i n e  d a t a ( b , n s w , n s b o , n a v , i n i t , b e t o o , n s o ,  i i b , n t b , a b e , n s , r )  

c h a r a c t e r  a (13e )  
d i m e n s i o n  t ( 1 6 ) , v ( 1 6 ) , r ( 1 6 , 6 4 / , a b e ( 3  ) 
d a t a  a / 1 3 g * ' - ' /  

c w r i t e s  t h e  header  

p r i n t * , o  
p r i n t  * , ' b e t a  = ' , b  
i f ( i l b . e q . 1 ) t h e n  
i f ( in i t .eq.e)pr in t* , ' in l t io l  l a t t i c e  o r d e r e d '  
i f ( i n l t . e q . 1 ) p r i n t * , ' i n i t i a l  l a t t i c e  d i s o r d e r e d '  
i f ( i n i t . e q . 6 ) t h e n  
p r i n t * , ' i n i t i a l  l a t t i c e  read f rom tape  6,  w h i c h  was te  r m o l i z e d '  

+ , '  d u r i n g  ' , n s o , '  sweeps a t  b e t a  = ' , b e t a o  
e n d i f  
e l s e  
p r i n t * , ' i n i t i a l  l a t t i c e  f rom p r e v i o u s  r u n '  
e n d i f  
p r i n t * , ' t h e r m a l l z i n g  d u r i n g  ' , n s b o , "  sweeps '  
p r i n t * , ' t a k i n g  ave rages  a f t e r  e v e r y  ' , n a y , '  sweeps d u r i n g  " 

+ , n e w , '  sweeps '  
p r i n t * , a  

c c a l c u l a t e s  t h e  d a t a  f o r  e v e r y  l a t t i c e  

F i g .  2 (continued) 
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1 

c w r i t e s  the data averaged from the 64 l a t t i c e s  

do 53 i=1,16 
t ( i )  = t ( i )  /64 .  

53 v ( i )  sq r t (  v ( i ) / 6 4 .  - t ( i ) * t ( i )  ) / 8 .  
p r i n t * , a  
p r i n t  * , ' da ta  from averaging the 64 l a t t i c e s  
n f -~  

888 p r i n t  * 
p r i n t / I , '  / =  ' , t ( 2 ) , ' m ~ 2  = ' . t ( 3 ) ,  ',tO),'lm+/_ ',v(2),' +/- '.v(3), m 
pr in t12 ,  
p r i n t  * 
p r i n t 1 2 , '  s = ' , t ( 5 ) , ' s 1 2  = ' , t ( 6 ) , ' s t 4  = ' , t ( 7 )  
p r i n t 1 2 , '  + / -  ' , v ( 5 ) , '  + / -  ' , v ( 6 ) , "  + / -  ' . v ( 7 )  
p r i n t  * 
p r i n t 1 3 , '  xp = ' , t ( 1 4 ) , '  x = ' , t ( 1 3 ) , '  c = ' , t ( 1 6 ) ,  
p r i n t 1 3 , '  + / - ' , v ( 1 4 ) , '  + / - ' , v ( 1 3 ) , '  + / - ' , v ( 1 6 ) ,  
i f ( n f . e q . 1 ) g o t o  889 
p r i n t  * 

11 f o r m a t ( 5 x , 4 ( 1 8 x , a 6 , f 1 1 . 8 ) )  
12 f o r m a t ( 3 2 x , 3 ( l e x , a 6 , f 1 1 . 8 ) )  
13 f o r m a t ( 1 5 x , 2 ( o 5 , f 1 2 . 5 . 1 6 x ) , o 5 , f 1 2 . 6 , 1 6 x , a 5 , f 1 2 . 7 )  

c co r rec tes  the data for  s h i f t e d  value of beta. 

abe(1 ;3 )=abe(1 ;3 ) /n tb  
coe=(abe(1)+2.*abe(2)+3.*abe(3) ) / (1 .+abe(1)+obe(2)+obe(3) )  
z1=8. 
z2-1.  
do 75 i = l , l e e  
z - ( z l + z 2 ) * . 5  
ed - ( z+2 . *z *z+3 . *z *z *z ) / (1 .+z+z*z+z*z *z )  
i f~ed .eq .coe)go to  777 
i f ( e d ,  l t . c o e ) t h e n  
z l ' z  
e lse 
Z2=Z 
end i f  

75 cont inue 

777 bo ,= ( -1 . / 4 . ) * l og (z )  
r l b~3 . *ns* (b -bo)  
t6==t(6) 

- t ( 2 )  + ( t ( 8 )  - t ( 2 ) * t ( 5 )  ) * r i b  

t (4 )  + ( t ( l e ) - t ( 4 ) * t ( 5 )  ) * r i b  
t ( 6 )  + ( t ( l l ) - t ( 6 ) * t ( 5 )  ) * r i b  

~ l ; t  t ( 7 )  + ( t  ( 12 ) - t  (7~*t  ( 5 ) ) * r i b  
t (5 )  +( t6  - t ( 5 ) * t ( 5 )  ) * r i b  

t (14 )  = t ( 3 )  * ns 
t~15) t ( 4 ) / ( t ( 3 ) * t ( 3 ) ) - - 3 .  
t (13 )  ns * ( t ( 3 )  - t ( 2 ) * t ( 2 ) )  
t (16 )  3 . *  ns * ( t ( 6 )  -- t ( 5 ) * t ( 5 ) )  

p r i n t  * , ' e f f e c t i v e  beta = ' .  ba 
p r i n t  * 
p r i n t  * , ' co r rec ted  da ta : '  
n f= l  
goto 888 

889 p r i n t * , a  
p r i n t *  
ntb=0 
obe(1;3)=e.  

t (1;16) = .0 
v(1 ;16)  = .e 
do 1 i = 1,64 
r ( 1 3 . i )  = ns * ( r ( 3 , i )  - r ( 2 , i ) * r ( 2 , i ) )  
r ( 1 4 , i )  = r ( 3 , i  * ns 
r(15,  i )  r ( 4 , i l / ( r ( 3 , 1 ) * r ( 3 ,  i ) ) - 3 .  
r~16 , i )  = 3 . *  ns * ( r ( 6 , i )  - r ( 5 , i ) * r ( 5 , i ) )  
t ( 1 ; 1 6 )  = t (1 ;16 )  + r (1 ,1 ;16 )  
v (1 ;16)  = v(1;16)  + r ( 1 , i ; 1 6 ) * r ( 1 , i ; 1 6 )  
p r i n t  8 , i , r ( 1 , i ) , r ( 2 , i ) , r ( 5 , i ) , r ( 1 3 ,  i ) , r ( 1 4 ,  i ) , r ( 1 6 , i ) , r ( 1 5 , i )  
f o rmat ( '  l o t  ' , i 2 , '  ra== ' , f 1 ~ . 7 , '  Imp= ' , f i e . 7 , '  s= ' , f 1 6 . 7  

+ , '  x= ' , f 1 1 . 6 , '  xp = ' , f 1 1 . 6 , '  c= ' , f 1 1 . 6 ,  gr= ' , f 1 1 . 6 )  
cont inue 

' , t  4 ' m r 4 =  , + / _  ,v141 

gr =',t(15) 
+/-',vOS) 

F i g .  2 (continued) 
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r e t u r n  
end 

s u b r o u t i n e  i n i t  l a t ( i n i t  . b e t o o , n s o . d s p l  ,dsp2, r o n , x l  , s p i n , n h , n s ,  t )  

c i n i t i o l i z e s  the l a t t i c e s  

i n t e g e r  s p i n , x l , d s p l , d s p 2  
d e s c r i p t o r  x l  ,dsp l  ,dsp2 
d imensi on s p i n ( * ) ,  ron(*)  

dspl = 6 
dsp2 = 0 
i f  ( i n l t . e q .  1 ) then  

do 1 i = 1 ,64 
I s=~od(65 - i  ,64)  
x1=0 
c o i l  v r o n f  ( r o n , n h )  
where ( ton (1  ;nh) . ge . . 5 ) x1=1  
c o i l  q8 s h i f t v ( x '  08 ' , ,  x l  , ,  Is , ,  x l  ) 
c o i l  qB xor  v ( x '  00 ' , ,  x l  , ,  dspl , ,  dsp l )  
x1=0 
c a l l  v r on f  ( r on ,nh )  
where ( r o n ( 1 ;  nh) . ge . . 5 ) x1=1  
c o i l  q8 s h i f t v ( x '  OB ' , ,  x l  , ,  ts , ,  x l  ) 
c o i l  q8 xor  v ( x '  00 ' , ,  x l  , ,  dsp2 dsp2) 

1 cont  i nue 

e l se  i f ( i n i t  . e q . 6 ) t h e n  

r e o d ( 6 , * )  I o , b e t o o , n s o  
do 76 i=1 ,ns 

76 r e o d ( 6 , 1 7 7 )  s p i n ( i )  
177 fo rmot  (z16)  

e n d i f  
r e t u r n  
end 

sub rout  ine ton i n i t (x  rond, rip) 
i n t e g e r  x r o n d ( * )  

c ] n i t i o i i z e s  the s h i f t  r e g i s t e r  rondom number g e n e r o t o r .  

do 1 ~= l ,np  
i c=e 
do 2 j = 1 , 5 5  
i c=sh i  f t ( i c , 1 )  
i f ( ( j .  l e . 2 3 ) . o r .  ( j  . ge .33 .ond .  j .  l e . 5 5 ) )  t hen 
i f ( r o n f ( ) . g e . . 5 ) i c = o r ( i c , 1 )  
e n d i f  

2 cont  i nue 
1 x r o n d ( i ) = i c  

r e t u r n  
end 

s u b r o u t i n e  i n i t 6 4 (  i64 , n64 ) 

c se t s  i64 w i t h  i n t e g e r s  in such a woy os to  s o t i s f y  tho r  the e e r i e  
c [ i 6 4 ( 1 )  , i 6 4 ( 1 ) + i 6 4 ( 2 )  . . . . .  1 6 4 ( 1 ) + i 6 4 ( 2 ) + . . . + i 6 4 ( 6 4 )  ; (modulo 6 4 ) ]  
c i s  o random pe rmu to t i on  of  the numbers 0 to  63. 

d imens ion 1 6 4 ( 6 4 ) , n 6 4 ( 6 4 )  

n64(2;63)----~ 
i64(1)==e 
n64(1)=1 
ns=0 
do 1 i=2 ,64  
n = i n t ( 6 3 . * r o n f ( ) ) + t  
nso=~od(n+ns,64)  
i f ( n 6 4 ( n s o - I - 1 ) . e q . 1 ) g o t o  7 
ns=nso 
n 6 4 ( n s + l ) = l  
i 6 4 ( i ) = n  
r e t u r n  
end 

Fig. 2 (continued) 
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distribution. The corrected data is shown in Fig. l(b). Note that each data 
point is corrected by a different amount because each corresponds to a dif- 
ferent stream of random numbers and therefore, a different/3e~. In Fig. l(c) 
we plot a conventional Metropolis run done by using completely indepen- 
dent sets of random numbers for the 64 lattices. The vertical line 
corresponds to the exact value. We have repeated this experiment three 
more times for a total of 160 runs. In 106 and 103 of these runs, { S )  and 

S 2) were within 1 sd of the exact value. This corresponds to 66.25 % and 
64.37 %, respectively, and indicates that the errors are properly defined. 

T H E  C O D E  

The code is written in standard Cyber Fortran 200 using the special 
Q8 calls which translate directly into machine code. We use descriptors to 
point to arrays in the standard way, and the motivated reader is directed to 
the Fortran 200 manual for inspiration. A listing of the code is included 
with this paper along with the output (Fig. 2 and 3). 3 
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